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Abstract A novel two-dimensional fractional discrete Hopfield neural network is presented in this

study, which is based on discrete fractional calculus. This network incorporates both constant and

variable orders, and its behavior is examined using phase plots, time evolution, bifurcation, Lya-

punov exponents, and complexity analysis. Compared to integer and constant fractional orders,

the numerical simulations demonstrate that the proposed variable-order fractional HNN exhibits

more complex characteristics, and by selecting different fractional variable orders, novel attractors

with chaotic behavior can be obtained. Additionally, a control scheme is proposed to stabilize the

suggested neural network by utilizing the stability theorem for fractional discrete time systems. This

control scheme is applied to both states in the study.
� 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The theory of fractional calculus is old as its inception can be

attributed to two of the most prominent figures of modern cal-
culus, L’Hopital and Leibniz, as early as 1695. The complete
framework for this type of calculus was complete by the

1800s. Traditionally the term fractional calculus has referred
to studying integration and differentiation of noninteger order.
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Several definitions of fractional derivatives, including Rie-
mann–Liouville, Caputo, Riesz–Caputo and Grunwald–Let-
nikov derivatives, are available in the literature. As a

generalization of integer-order derivatives and integrals, frac-
tional calculus considers non-integer orders, taking into
account the model’s history or ”memory effect.” This feature

has rendered fractional calculus an important tool for describ-
ing biological and physical phenomena [1–4]. Moreover, signif-
icant advancements have been made in the stability, control,

and synchronization of fractional systems [5–8].
The theory and application of neural networks have been

widely explored in various domains, including associative
memory, combinatorial optimization, pattern recognition,

and signal processing.
As a result, neural networks are considered one of the most

crucial nonlinear models in the field of nonlinear research. The

significance of neural networks can be primarily attributed to
their structure and ability to perform parallel processing.

Recently, artificial neural networks have gained significant

attention among scientists working in fields associated with
the human brain [9]. These networks are considered to be
one of the most advanced technologies for deep learning and

fall under the umbrella of artificial intelligence [10]. The first
investigation of artificial neural networks dates back to 1943
when McCulloch and Pitts conducted research in this area.
Since then, engineers and scientists have applied their findings

to various electrical and engineering applications, including
electrical circuit switching, picture and signal processing,
machine learning, and power circuits[11].

As fractional calculus plays a crucial role in the formulation
of various phenomena, neural networks were fictionalized and
later referred to as fractional-order neural networks. This

breakthrough has resulted in the publication of numerous
research papers on the topics of chaos, control, stability, syn-
chronization, and dynamic analysis of fractional-order neural

networks in both continuous and discrete time. These advance-
ments in the field of fractional-order neural networks have
been documented in several papers and researches, including
references [12–17].

Applying the results and methods used in the neural net-
works with fractional variable order is challenging due to the
complex dynamics involved. As a result, there have been lim-

ited research papers published on the study of fractional
variable-order neural networks, including [18–21]. It is worth
noting that the fractional variable order is a special case of

fractional order systems where the order of the equation is a
continuous function between 0 and 1. By improving the com-
plex dynamics of discrete-time HNN, it has the potential to
provide a valuable approach in this field of research. This

paper presents a significant contribution to the topic by intro-
ducing a novel two-dimensional variable fractional order dis-
crete Hopfield neural network (DHNN). We achieved this by

studying the discrete-time Hopfield neural network with a con-
stant fractional order, which has not been previously presented
in the literature. Then we utilize the Caputo-like difference

operator on discrete Hopfield neural network system with frac-
tional variable order, as introduced by Hopfield in integer
form in [22]. This work led to the birth of Hopfield neural net-

work systems, as documented in references [23–25]. By propos-
ing this new DHNN model, we are providing a promising
avenue for further research in this field. This paper is orga-
nized as follows: Section 2 is devoted to discuss different com-
plex dynamics of a new two dimensional fractional discrete
Hopfield neural network with constant order and an adaptive
controller is proposed to establish the stability of the system

state’s. In Section 3, we investigate the dynamics of the pro-
posed fractional Hopfield neural network with variable order
through phase plots, bifurcation and maximum Lyapunov

exponents. Section 4 consists of a summary and conclusions
of the whole work.

2. A discrete Hopfield neural network with fractional constant

orders

The Hopfield neural network (HNN) is a simplified biological

nervous system that is often used to mimic the human brain.
There are two types: discrete Hopfield neural networks
(DHNN) and continuous Hopfield neural networks (CHNN)

[22]. This work concentrate on the discrete HNN with frac-
tional order. Its mathematical expression is given by:

CDg
hykðsÞ ¼ �vkykðsþ g� 1Þ þ

Xn

l¼1

Ekl/lðylðsþ g� 1ÞÞ þ Xk;

8s 2 Nhþ1�g; 8k ¼ 1; 2; . . . ; n;

ð1Þ
in which h 2 R is the starting point and:

� /l : R ! R depicts the neuron activation function.
� E ¼ ðEklÞn�n indicates the weights matrix that specifies the

connection between neurons k and l.

� vk > 0 are the parameters of self-regulating neurons.
� Xk are the external inputs.

� The fractional difference operator CDg
h is used in the sense of

the g-Caputo-like difference operator which is defined as
follows[26]:

CDg
hgðsÞ ¼ D�ðj�gÞ

h DjgðsÞ

¼ 1

Cðj� gÞ
Xs�ðj�gÞ

k¼h

Cðs� kÞ
Cðs� k� j� gþ 1ÞD

jgðkÞ; ð2Þ

where j ¼ ½g� þ 1, and g R N. The main advantage of using
the Caputo difference operator is that the initial condition

does not need to be specified in order to solve an equation
or a system of equations

As this paper mainly focuses on investigating the effect of frac-

tional order on the dynamics of neural network, we consider a
system with two neurons, for simplicity, the synaptic weight
matrix E is chosen as:

E ¼ b �c

1 b

� �
; ð3Þ

and /lðylÞ ¼ sinðylÞ; vk ¼ 1;Xk ¼ 0. As a result, we get the fol-
lowing fractional discrete HNN with two neurons:

CDg
hy1ðsÞ ¼ �y1ðsþ g� 1Þ þ b sinðy1ðsþ g� 1ÞÞ

�c sinðy2ðsþ g� 1ÞÞ;
CDg

hy2ðsÞ ¼ �y2ðsþ g� 1Þ þ sinðy1ðsþ g� 1ÞÞ
þb sinðy2ðsþ g� 1ÞÞ;

8>>><
>>>:

ð4Þ

where s 2 Nhþ1�g;Nh ¼ fh; hþ 1; hþ 2; � � �g; h 2 R is the start-

ing point and g 2 ð0; 1� is the fractional order.



Fig. 1 The phase portrait of the fractional order discrete HNN

(4) for g ¼ 0:99;b ¼ 10; c ¼ 7 and IC ð0:1; 0:1Þ.
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In order to discuss the complex dynamics of the proposed
system, we shall present the theorem below, which will enable
us to acquire the numerical formula for the DTHNN (4).

Theorem 1. [27] The solution of the IVP

CDg
hyðsÞ ¼ fðsþ g� 1; yðsþ g� 1ÞÞ

DmyðhÞ ¼ ym; k ¼ dge þ 1; m ¼ 0; 1; . . . ; k� 1;

�
ð5Þ

is expressed as

yðsÞ ¼ y0ðhÞ þ
1

CðgÞ
Xs�g

q¼hþk�g

ðs� 1� qÞðg�1Þ
fðqþ g� 1; yðq

þ g� 1ÞÞ; s 2 Nhþk�g; ð6Þ
where

y0ðhÞ ¼
Xk�1

m¼0

ðr� hÞm
Cðmþ 1ÞD

myðhÞ: ð7Þ

Remark 1. Take r ¼ nþ 1; h ¼ 0; qþ g� 1 ¼ j and since

ðr� 1� qÞðg�1Þ ¼ Cðr�qÞ
Cðrþ1�s�gÞ. Then, for k ¼ 1, we can obtain

the numerical formula of the solution (6) as follows:

yðnþ 1Þ ¼ yð0Þ þ 1

CðgÞ
Xn

j¼0

Cðn� jþ gÞ
Cðn� jþ 1Þ f j; y jð Þð Þ; 0 < g � 1;

n 2 N; ð8Þ
where yð0Þ is the initial condition.

Now, according to Theorem 1 the numerical formula yn of
the DTHNN (4) is expressed as:

y1nþ1 ¼ y10 þ
Xn

j¼0

Cðn�jþgÞ
CðgÞCðn�jþ1Þ �y1j þ b sinðy1j Þ � c sinðy2j Þ

� �
;

y2nþ1 ¼ y20 þ
Xn

j¼0

Cðn�jþgÞ
CðgÞCðn�jþ1Þ �y2j þ sinðy1j Þ þ b sinðy2j Þ

� �
;

8>>>><
>>>>:

ð9Þ
where the initial condition y10 ¼ y1ð0Þ; y20 ¼ y2ð0Þ is given. Let
b ¼ 10; c ¼ 7; g ¼ 0:99, and the initial value is

y10 ¼ 0:1; y20 ¼ 0:1, the phase diagram of system (4) is shown

in Fig. 1. Correspondingly, the time evolution of the proposed
system (4) is depicted in Fig. 2. One can see from the previous
figures that the discrete HNN with fractional order can also

show chaotic behaviour. [htp!]

2.1. Bifurcation and maximum Lyapunov Exponents analysis

In this section, the fractional order g and the system parame-
ters c; b are considered as bifurcation parameters, and the
dynamical behaviour of the fractional HNN with discrete time

is discussed by bifurcation diagrams and maximum Lyapunov
exponents (LEs). The maximum LEs is calculated and the
Jacobian matrix (JMi) is obtained by employing the Jacobian

matrix algorithm of fractional systems [28].
The JMi matrix of the system (4) is given as:

JMi ¼
ui vi

wi zi

� �
; ð10Þ
where

ui ¼ u0 þ
Xi

j¼1

Cði�jþgÞ
CðgÞCði�jþ1Þ fuj�1ðbcosðy1j�1Þ� 1Þ� cwj�1 cosðy2j�1Þg;

vi ¼ v0 þ
Xi

j¼1

Cði�jþhÞ
CðgÞCði�jþ1Þ fvj�1ðbcosðy1j�1Þ� 1Þ� czj�1 cosðy2j�1Þg;

wi ¼w0 þ
Xi

j¼1

Cði�jþhÞ
CðgÞCði�jþ1Þ fwj�1ðbcosðy2j�1Þ� 1Þþ uj�1 cosðy1j�1Þg;

zi ¼ z0 þ
Xi

j¼1

Cði�jþgÞ
CðgÞCði�jþ1Þ fzj�1ðbcosðy2j�1Þ� 1Þþ vj�1 cosðy1j�1Þg:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð11Þ
Then, the LEs have the following formula:

LEk ¼ lim
i!1

1

i
lnjkðiÞk j; fork ¼ 1; 2; 3: ð12Þ

Note that kðiÞk are the eigenvalues of the matrix JMi.

It is known that when the maximum LEs (kmax) is positive
the system is chaotic, whereas when the maximum LEs is neg-

ative the system is in periodic state.
The fractional order g is always an important indicator to

study the stability of the fractional DHNN. Consider the sys-

tem parameters c ¼ 7; b ¼ 10, the bifurcation and maximum
LEs of the state y1 with respect to g are depicted in Fig. 3,
in which g varies from 0 to 1 by the step size Dg ¼ 0:01. We

can observe from the bifurcation diagram represented in
Fig. 3(a) that the fractional DHNN (4) is chaotic for all values
of the fractional order g. At the same time, the maximum LEs
in Fig. 3(b) agree well with the bifurcation in Fig. 3(a).

In order to analyze the effect of the parameter b on the
behaviour of the DHNN with fractional order (4), we assign
the system parameter to c ¼ 7. The bifurcation diagrams of

the state y1 and maximum LEs for the 2D fractional DHNN



Fig. 2 The time evolution of the states of the discrete HNN with fractional order (4) for b ¼ 10; c ¼ 7; g ¼ 0:99 and I.C ð0:1; 0:1Þ.

(a) (b)

Fig. 3 Bifurcation and maximum LEs of the fractional HNN with discrete time (4) versus the fractional order g with c ¼ 7; b ¼ 10 and

IC ð0:1; 0:1Þ.

(a) (b)

Fig. 4 Bifurcation and maximum LEs of the DHNN with fractional order (4) versus the system parameter b for g ¼ 0:01; c ¼ 7 and IC

ð0:1; 0:1Þ.
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(4) are numerically simulated as shown in Fig. 4 and Fig. 5 for
the initial state ð0:1; 0:1Þ, and for two different fractional
orders g ¼ 0:01; 0:9, respectively. We can see from Fig. 4 and

Fig. 5 that the fractional DHNN is chaotic for all values of
the parameter b 2 ½�10; 10�, in the two cases, i.e. when
g ¼ 0:01 and g ¼ 0:9 where the value of the maximum Lya-

punov exponents is greater than zero along the interval
½�10; 10� except in the case when b ¼ 2:4 and g ¼ 0:01 where
the value of the maximum Lyapunov exponents is less than

zero which indicate that the system (4) is periodic.
Using the same parameter values and initial condition set-

ting in Fig. 4, the system parameter c is denoted as bifurcation
parameter adjusted in the region ½�7; 7�. The bifurcation plots

versus the parameter c, with the corresponding maximum LEs
are shown in Fig. 6 and Fig. 7, for g ¼ 0:01 and g ¼ 0:9,
respectively. It can be easily deduced that the DHNN with

fractional order (4) is chaotic for all values of the parameter
c in the range ½�7; 7� and for both fractional order values,
which is clearly confirmed by the maximum LEs diagrams.

2.2. The approximate entropy of the fractional order DHNN

Now, we describe the complexity of the fractional DHNN (4)

using the approximate entropy (ApEn) algorithm [29]. The
complexity of a system is the randomness of its chaotic states.
The higher values of ApEn is, the closer the system sets to a
random sequence and, consequently, the more secure the sys-

tem becomes. For the specific calculating method we consider

N points of the state ðy1nÞn¼1;::;N, and start by defining n�mþ 1

vectors QðkÞ ¼ ½qðkÞ; . . . ; qðkþm� 1Þ�, for k 2 ½1; n�mþ 1�
where qð1Þ; qð2Þ; . . . ; qðnÞ is a set of discrete points. Then, the
following equation is defined:

Cm
k ðrÞ ¼

L

n�mþ 1
; ð13Þ

where L is the number of QðkÞ having dðQðkÞ;QðjÞÞ 6 r.
Note that the value of the approximate entropy depends on

two important parameters: The embedding dimension m and
the similar tolerance r, in our work, we set m ¼ 2 and
(a)

Fig. 5 Bifurcation and maximum LEs of the DHNN wih fractional

ð0:1; 0:1Þ.
r ¼ 0:2stdðqÞ where stdðqÞ is the standard deviation of the data

q. Theoretically, for WmðrÞ ¼ 1
n�m�1

Pn�mþ1
k¼0 logCm

k ðrÞ, the

ApEn is calculated as:

ApEn ¼ WmðrÞ �Wmþ1ðrÞ: ð14Þ
When the system parameter b is equal to 10; c ¼ 7 and the IC

is fixed at ð0:1; 0:1Þ, the ApEn of the DHNN with fractional
order (4) for different values of the fractional order g is
depicted in Fig. 8. We can see that the complexity of the system

increases from 0:1631 to a high level 1:7040 as the value of the
fractional order g increases in the interval ð0; 1�, this result
agrees well with the results of the bifurcation and maximum

LEs diagrams represented in Fig. 3 and confirms that the pro-
posed system (4) has a random behaviour for all g in ð0; 1�.

2.3. The C0 complexity of the fractional DHNN

A complexity measure plays important role in analyzing
dynamic properties of chaotic systems. There are several meth-
ods to measure complexity of time series, including permuta-

tion entropy (PE), statistical complexity measure (SCM),
sample entropy (SampEn), fuzzy entropy (FuzzyEn), approxi-
mate entropy (ApEn), and C0 algorithm. Among them, the C0

complexity is calculated by the fast Fourier transform and
through of the new spectra to obtain a new signal. The corre-
sponding complexity value is obtained by the ratio of the area

between the difference of the original signal and the new signal
and its mean value over the area between the original signal
and its mean values. The mathematical foundation of this

complexity measure was given in [30]. For a sequence
fvð0Þ; . . . ; vðM� 1Þg, the algorithm of the C0 complexity is
given as follows:

� The discrete Fourier transform of the sequence,
fvð0Þ; . . . ; vðM � 1Þg, is calculated as:

wMðmÞ ¼
XM�1

k¼0

vðkÞexp�2piðkm=MÞ; m ¼ 0; . . . ;M� 1: ð15Þ
(b)

order (4) versus the system parameter b for g ¼ 0:9; c ¼ 7 and IC



(a) (b)

Fig. 6 Bifurcation and maximum LEs of the DHNN with fractional order (4) versus the parameter c for g ¼ 0:01;b ¼ 10 and IC

ð0:1; 0:1Þ.

(a) (b)

Fig. 7 Bifurcation and maximum LEs of the DHNN with fractional order (4) versus the parameter c for g ¼ 0:9; b ¼ 10 and IC

ð0:1; 0:1Þ.
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� The mean square value is given as:

GM ¼ 1

M

XM�1

k¼0

j wMðkÞj2: ð16Þ

� Import a control parameter r. Replace the spectrum compo-
nent with zero if their square values are plus than rGM ,
while keep the irregular parts, i.e. the parts which their
square are less or equal to rGM , changed as follows

�wMðkÞ ¼ wMðkÞ if j wMðkÞj2 > rGM;

0 if j wMðkÞj2 6 rGM:

(
ð17Þ

In the following r is taken as r ¼ 0:2.
� The inverse Fourier transform of �wM is defined as:

�vðjÞ ¼ 1

M

XM�1

k¼0

�wMðkÞexp2piðjk=MÞ; j ¼ 0; . . . ;M� 1: ð18Þ

Finally, we can obtain the formula of the C0 as follows:
C0 ¼

XM�1

k¼0

j vðkÞ � �vðkÞj2

XM�1

k¼0

j vðkÞj2
: ð19Þ

Fix b ¼ 10; c ¼ 7, let g varies from 0 to 1, and the initial
value of state ð0:1; 0:1Þ. The C0 complexity of the fractional
DHNN (4) is shown in Fig. 9. We can observe that the com-

plexity of the proposed system (4) is consistent with the change
of ApEn in Fig. 8 and the change of maximum LEs in Fig. 3.

2.4. Control of the DHNN

In this part of research, we present a control scheme to stabi-
lize the states of the fractional DHNN (4). First, we report the
following theorem that summarizes the result of [31], which is



Fig. 8 The ApEn of the DHNN with fractional order (4) for

b ¼ 10; c ¼ 7 and IC ð0:1; 0:1Þ.

Fig. 9 The C0 complexity of the DHNN with fractional order (4)

for b ¼ 10; c ¼ 7 and IC ð0:1; 0:1Þ.
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used to analyze the stabilization of fractional discrete systems.
Then, we preform numerical simulation to show the effective-

ness of the proposed control technique. Given a vector func-

tion gðtÞ ¼ ðg1ðtÞ; . . . ; gmðtÞÞT; 0 < g < 1 and a matrix
B 2 Rm�m, then the zero equilibrium of the linear discrete sys-
tem with fractional order

CDg
hgðtÞ ¼ Bgðtþ g� 1Þ ð20Þ

is asymptotically stable for all t 2 Nhþ1�g if the eigenvalues k of
the matrix B satisfy

k 2 fw 2 C :j w j< 2 cos
j argw j �p

2� g

� �g

and j argw j> gp
2
g:

ð21Þ
Consider the controlled system as follows:

CDgy1ðsÞ ¼ �y1ðsþ g� 1Þ þ b sinðy1ðsþ g� 1ÞÞ
�c sinðy2ðsþ g� 1ÞÞ þ uy1ðsþ g� 1Þ;

CDgy2ðsÞ ¼ �y2ðsþ g� 1Þ þ sinðy1ðsþ g� 1ÞÞ
þb sinðy2ðsþ g� 1ÞÞ þ uy2ðsþ g� 1Þ;

8>>><
>>>:

ð22Þ

where uy1ðsÞ and uy2ðsÞ represent the adaptive control terms.

The following theorem is stated to obtain our results.

Theorem 2. The fractional DHNN (4) is stabilized under the
two-dimensional control described as follows:

uy1ðsÞ ¼ �b sinðy1ðsÞÞ þ c sinðy2ðsÞÞ;
uy2ðsÞ ¼ � sinðy1ðsÞÞ � b sinðy2ðsÞÞ;

�
ð23Þ

Proof 1. By substituting (23) into (22), we get the following

system:

CDgy1ðsÞ ¼ �y1ðsþ g� 1Þ;
CDgy2ðsÞ ¼ �y2ðsþ g� 1Þ;

�
ð24Þ

which can be written as follows:

CDgðy1ðsÞ; y2ðsÞÞT ¼ Bðy1ðsÞ; y2ðsÞÞT; ð25Þ
where:

B ¼ �1 0

0 �1

� �
: ð26Þ

The eigenvalues of the matrix B are k1 ¼ k2 ¼ �1, it is easy to

show that the eigenvalues satisfy the condition of Theorem ??,
which proves that the zero equilibrium of the controlled system
(24) is asymptotically stable, therefore, the states of the con-

trolled system (24) are asymptotically stabilized.

The results of Theorem 2 are illustrated in Fig. 10, Fig. 11

and Fig. 12 with b ¼ 10; c ¼ 7; g ¼ 0:5; 0:9 and IC
ðy1ð0Þ; y2ð0ÞÞ ¼ ð0:1; 0:1Þ. Clearly, the controlled system state’s
converge to zero and the chaotic nature of the system is

deleted.

3. Variable-order fractional discrete HNN

In this section, we show an alternative representation of the 2D
fractional DHNN by using variable order fractional difference
operator. The variable order fractional DHNN is obtained by

replacing the classical fractional operator with the variable-

order Caputo-like difference operator CDhðrÞ
s , i.e:

CDhðrÞ
s y1ðrÞ ¼ �y1ðrþ hðrÞ � 1Þ þ b sinðy1ðrþ hðrÞ � 1ÞÞ

�c sinðy2ðrþ hðrÞ � 1ÞÞ;
CDhðrÞ

s y2ðrÞ ¼ �y2ðrþ hðrÞ � 1Þ þ sinðy1ðrþ hðrÞ � 1ÞÞ
þb sinðy2ðrþ hðrÞ � 1ÞÞ:

8>>><
>>>:

ð27Þ
where r 2 Nsþ1�hðrÞ; hðrÞ 2 ð0; 1� is the fractional variable order
and s 2 R is the stating point.

According to Theorem 1, the numerical formula of the sys-
tem (27) is given as:



Fig. 10 Attractors of the controlled system (24) with b ¼ 10; c ¼ 7 and IC ð0:1; 0:1Þ.

Fig. 11 The stabilized states of the controlled DHNN with fractional order (24) for b ¼ 10; c ¼ 7, IC ð0:1; 0:1Þ and fractional order

g ¼ 0:5.

Fig. 12 The stabilized states of the controlled DHNN with fractional order (24) for b ¼ 10; c ¼ 7, IC ð0:1; 0:1Þ and fractional order

g ¼ 0:9.
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y1nþ1 ¼ y10 þ
Xn

j¼0

Cðn�jþhðnÞÞ
CðhðnÞÞCðn�jþ1Þ f�y1j þ b sinðy1j Þ

�c sinðy2j Þg;

y2nþ1 ¼ y20 þ
Xn

j¼0

Cðn�jþhðnÞÞ
CðhðnÞÞCðn�jþ1Þ f�y2j þ sinðy1j Þ

þb sinðy2j Þg;

8>>>>>>>>>><
>>>>>>>>>>:

ð28Þ

with the known initial condition y10 ¼ y1ð0Þ; y20 ¼ y2ð0Þ.
Consider the system parameters b ¼ 10; c ¼ 7, and the IC

ðy1ð0Þ; y2ð0ÞÞ ¼ ð0:1; 0:1Þ. MATLAB numerical simulations

are performed and several phase plots are obtained for differ-
ent fractional variable orders as shown in Fig. 13, from which
the chaotic behaviour characterized by a strange attractor is

revealed. We can observe that the shape of the attractors of
the DHNN with fractional variable order (27) is different from
the shape of the attractor of the DHNN with constant frac-
tional order (4) represented in Fig. 1. Therefore, we can say

that the choice of the fractional variable order has an influence
on the shape of the attractors of the system (27).

Note that all attractors depicted in Fig. 13 for the proposed

fractional variable order DHNN prove that the system (27)
can exhibit chaotic behaviour.

Since the phase portraits are not definitive to describe the

nature of the dynamics of the system, we are going to observe
the bifurcation and the maximum Lyapunov exponents plots
with respect to the parameters b and c. When the control

parameter is set as c ¼ 7 with the initial conditions
ðy1ð0Þ; y2ð0ÞÞ ¼ ð0:1; 0:1Þ, the bifurcation diagram of the
state y1 and the maximum LEs versus b for three different frac-
tional variable orders hðrÞ ¼ 0:5þ 0:3 cosð0:1rÞ; hðrÞ ¼ 0:7þ
0:2 expð�rÞ

1þexpð�rÞ and hðrÞ ¼ 0:99� ð0:01=100Þr, are shown in

Fig. 14. Complex dynamical phenomena, including period
window and chaos can be observed in Fig. 14. It is easy to

observe that the shape of the bifurcation diagrams is different
for the three proposed fractional variable orders and it is also
different from the shape of bifurcation plots represented in

Fig. 4 and Fig. 5. These results confirm that the proposed frac-
tional variable order DHNN (27) has chaotic behaviour for
(a) (b)

Fig. 13 The phase portraits of the variable fractional order DHNN

and IC ð0:1; 0:1Þ : ðaÞ hðrÞ ¼ 0:5þ 0:3 cosð0:1rÞ; ðbÞ hðrÞ ¼ 0:7þ 0:2 ex

1þe
the three chosen fractional variable orders where the value of
the maximum LEs is greater than zero except in the case when
hðrÞ ¼ 0:99� ð0:01=100Þr where the value of the maximum

LEs is less than zero for b ¼ 1:3 which indicates that the
DHNN (27) is periodic. Now, we fix the parameter b at
b ¼ 10, then draw the bifurcation and maximum Lyapunov

exponents versus the parameter c for the same fractional vari-
able orders chosen previously as shown in Fig. 15.

Fig. 15 shows that changing the variable order significantly

changes the size and state of bifurcation diagram under the
same parameters. Basically, the bifurcation diagrams are also
different from the diagrams in Fig. 6 and Fig. 7 with constant
fractional order. These results prove that the variable frac-

tional order has an effect on the dynamics of the DHNN.
The above numerical simulations demonstrate that even the

variable-order fractional DHNN under the variable fractional

Caputo operator can describe chaotic behaviour.

4. Conclusion and future works

This paper presents a significant contribution to the field of
neural networks by proposing a novel discrete Hopfield neural
network that incorporates fractional order and variable frac-

tional order using Caputo-like difference form. The variable
order is a continuous function that ranges between zero and
one. The research demonstrates the emergence of complex

dynamics in the system’s behaviour by generating phase por-
traits, bifurcation and maximum Lyapunov exponents plots
for varying system parameters, fractional values. The study
identifies different types of chaotic attractors within the con-

ceived network and observes a higher level of complexity in
comparison to a network with constant fractional order.
Moreover, the research highlights the importance of selecting

the appropriate fractional order value in determining the
dynamics of the discrete Hopfield neural network is validated
through stability theory and numerical simulations demon-

strating the convergence of states to the zero solution. The
research suggests that control offers additional flexibility and
may enable the development of novel control strategies in

related fields.
(c)

(27) for different fractional variable orders hðrÞ with b ¼ 10; c ¼ 7
pð�rÞ
xpð�rÞ ; ðcÞ hðrÞ ¼ 0:99� ð0:01=100Þr.



Fig. 14 Bifurcation and maximum LEs of the variable fractional order DHNN (27) versus the parameter b for different fractional

variable orders with c ¼ 7 and I.C ð0:1; 0:1Þ.

636 A. Al-Husban et al.



Fig. 15 Bifurcation and maximum LEs diagrams of the variable order fractional DHNN (27) versus the parameter c for different

fractional variable orders with b ¼ 10 and IC (0.1,0.1).

Chaos in a two dimensional fractional discrete Hopfield neural network and its control 637
Finally, due to the rich complex behaviour exhibited by the

proposed system, we conclude that the concept of fractional
variable-order is a powerful tool for modelling fractional dis-
crete neural network of Hopfield type.
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