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Abstract
In this paper, a two-dimensional eXtended Finite Element Method (XFEM)
solution is presented for the hydro-mechanically coupled hydro-frac-induced
propagation of multiple fractures in rocks. Fractures are considered one-
dimensional objects, and the rock matrix is regarded as a two-dimensional
medium. Rules for improving the accuracy of the solution are included to deal
with the transfer of variables between fractures and matrix in the coupling
process. Themain variables include fluid pressure and fracture aperture. The fol-
lowing assumptions are made: (1) the fluid pressure inside a fracture is applied
as a net pressure; (2) fluid leak-off is ignored; (3) the fluid front is regarded as
a fracture front provided that the area of fluid lag has a small effect on fracture
propagation compared to the area atwhich the fluid pressure is applied. The fluid
flow is governed by the lubrication equation, while the XFEM is used to describe
the behaviour of the elastic medium. The simulation results are compared with
analytical solutions for a single hydraulic fracture model to verify and validate
the proposed algorithm. A simulation with multiple hydraulic fractures is also
performed to investigate the interference effect of multiple fractures and frac-
ture propagation. The shadow effect caused by multiple fractures is analysed to
manifest the stress variation along the propagation path.

KEYWORDS
eXtended Finite Element Method (XFEM), fracture propagation, hydro-mechanically coupled
process, multiple fractures

1 INTRODUCTION

Hydraulic fracturing (hydro-frac) has been widely developed in the past decades and has become an important tool -to
improve the oil/gas production in unconventional reservoirs.1 At present, many companies apply this method to complex
formations and deep wells.2 In a hydro-frac process, a highly pressurised fluid (frac-fluid) is pumped into a wellbore
to activate the opening of artificial fractures in the target formation in order to enhance the conductivity and ease the
extraction of oil/gas. A reliable and robust estimation of the induced propagation of these artificial fractures can help
adjust and optimise operation schemes in the field.
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2 WANG et al.

The research on fluid-driven fracturing has drawn much attention from academics worldwide. In the last decades,
many findings have been reported concerning the improvement of hydro-frac processes, with focus on the mod-
els for the prediction of fluid-driven fracture initiation and propagation. The early proposed models include the
Khristianovic–Geertsma–de Klerk (KGD) model3,4 and the Perkins–Kern–Nordgren (PKN) model,5,6 which still play an
important role in guiding field operations. Contributions refer to the results of laboratory tests set up to understand the
physics underpinning the hydro-frac processes. Hubbert and Willis7 stated that fractures approximately propagate in the
direction perpendicular to the maximum principal stress. Clifton and Abou-Sayed,8 and Abou-Sayed9 developed the first
three-dimensional fracture propagation model. Abass et al.10 studied non-planar fracture geometries in laboratory exper-
iments and defined a correlation between the breakdown pressure and the wellbore orientation. Ma et al.11 used a triaxial
apparatus to simulate the hydro-frac in a glutenite reservoir and found that the propagation is enclosed within micro-
zones of high-strength gravel particles, generating narrow and terminated fractures. He et al.12 used x-ray spectrometry in
sandstone specimens to demonstrate the dominant role in the width evolution of hydraulic fractures. Chitrala et al.13 stud-
ied the hydro-frac-induced propagation under different stresses in dense sands by using acoustic emissions and showed
that the propagation is not continuous.
A wide range of numerical methods has been developed to simulate fracture initiation and propagation, including

mainly the Finite ElementMethod (FEM), theDiscrete ElementMethod (DEM) and the eXtended Finite ElementMethod
(XFEM). Few contributions refer to the Finite Difference Method (FDM)14 and the Boundary Element Method (BEM),15
In the context of FEM, Ng and Small16 adopted FEM for the prediction of HF occurring in cores of rock dams. Khoei

et al.17 developed an enriched FEM technique to simulate the interaction between hydraulic and natural fractures in
impervious media, also analysing the effect of the fluid viscosity. In addition, cohesive crack models gained popularity for
the simulation of hydro-frac propagation, also dealing with artificial fractures intersecting pre-existing ones.18,19
Among the applications of DEM, Yoon et al.20 used a 2D Particle Flow Code (PFC) to simulate arrest, crossing and

dilation of hydraulic and natural fractures in low-permeability hard rocks. Lavrov et al.21 developed a hybrid FEM/DEM
simulator to simulate HF in naturally fractured reservoirs under isotropic and anisotropic in situ stress; they found that
for an isotropic in-situ stress field, the pattern of generated fractures is strongly mesh-dependent.
Other contributions refer to somewhat hybrid methods, being combinations of the above-mentioned methods; the fol-

lowing are worth mentioning: Zeng et al.22 developed an EDFM–XFEM approach and defined a hydro-thermally coupled
elasto-plastic model for HF in saturated porous media; they showed that plastic deformations can increase the fracture
propagation pressure and decrease the propagation velocity; Wong et al.23 proposed a non-planar 3D model to study the
interaction of multiple hydraulic fractures generated from a horizontal well; the influence of the stress shadow on the
propagation of multiple fractures was also analysed; finally, Cordero et al.24 proposed an innovative mesh fragmenta-
tion technique to simulate HF along arbitrary paths and intersections with frictional natural fractures; they studied the
dependence of the propagation process on the fracture friction angle.
Compared with the other methods, XFEM is rather new and represents a great prospect for such simulations, mainly

because remeshing and mesh refinement, unlike the standard FEM model, are avoided by adding enrichment functions
to the nodes of the fracture elements to better reproduce the discontinuity as the fracture propagates, so a large amount
of computational time and cost can be saved.
Several applications of XFEM to hydro-frac processes are available. Adachi et al.25 defined the physico-mathematical

statements of hydro-frac and discussed issues concerning the numerical simulations, including tracking of the fracture
footprint, and coupling of the equations. Lecampion26 used XFEM to study two hydro-frac propagation regimes, the
toughness-dominated and the viscosity-dominated, and highlighted the importance of correcting the loss of partition
of unity in the transition zone between the enriched part and the rest of the mesh. Shi et al.27 proposed a technique for the
simultaneous solution of the equilibrium and fluid continuity equations in the framework of a fully hydro-mechanically
(HM) coupled model with natural fractures; by resorting to this technique, the authors claim that a significant reduction
of the simulation time can be achieved with acceptable convergence rates. Gordeliy and Peirce28 developed two XFEM
schemes based on the implicit level set algorithm for locating the free boundary when the fluid and fracture front coalesce.
XFEM was also used by Sheng et al.29 to study multi-stage hydro-frac in anisotropic shales, deducing that propagation
trajectories are more influenced by the local stress field at the tips of the fractures than the in situ stress field, and by
Jafari et al.30 to assess the effect of fluid loss on the efficiency of hydro-frac saturated porous media by using an HM cou-
pled model. Zheng et al.31 established a hydro-frac propagation model using XFEM based on a damage–stress–seepage
coupling to analyse the influence of the approach angle of an existing natural fracture and of the horizontal stress dif-
ference on the propagation; it was shown that the degree of opening of the natural fractures increases with the decrease
of the approaching angle and of the horizontal differential stress. Cruz et al.32 proposed a formulation comprising frac-
ture intersection and crossing, and fracture frictional behaviour to study the influence of natural fractures on hydro-frac
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WANG et al. 3

TABLE 1 Glossary of terms.

𝑎 Fracture initial length in the examples
𝐚, 𝐛 Additional degrees of freedom (dofs) for the enriched nodes
𝐁 Strain differential operator matrix
𝑑 distance between an element node and a fracture node
𝐃 Matrix of the elasticity coefficients
𝑒 Fracture aperture (also the maximum value)
𝐸 Young’s elastic modulus
ℎ,𝑤 Dimensions of the domains in the examples
𝐻 Jump function
𝐊 Global stiffness matrix
𝐾1, 𝐾2 SIF values for Mode-I and Mode-II, resp.
𝐧, 𝐧f Unit vectors normal to Γ e Γf , resp.
𝑁f Number of nodes in a fracture
𝑁cut Set of enriched nodes of the elements crossed by a fracture
𝑁𝑖 Standard shape functions
𝑁s Number of standard nodes
𝑁tip1 Set of enriched nodes of the first crack tip
𝑁tip2 Set of enriched nodes of the second crack tip
𝑝 Fluid pressure
𝐏 right-hand side vector of the final equation system
𝑞𝜉 Fluid discharge per unit fracture width along 𝜉
𝑄0 Fluid volumetric source at the injection point
𝑟, 𝜃 Polar coordinates with origin at the crack tip
𝑠 Spacing among fractures
SIF Stress intensity factor
𝐭 Boundary tractions
𝑡 Time
𝐮 Displacements
𝐮̄ Prescribed displacement on Γ𝐮

Γ, Γ𝐭 , Γ𝐮 Boundary of Ω, portions of Γ with prescribed tractions and displacements, resp.
Γf Boundary of a fracture
𝛿 Dirac delta function
𝜖 Strain tensor
𝜇 Fluid dynamic viscosity
𝜈 Poisson’s ratio
𝜈f Number of fractures
𝜉 Local coordinate of a fracture
𝜉0 Fracture local coordinate of the injection point
𝝈 Stress tensor
𝜙(𝑥, 𝑦) Signed distance function
𝜓(1), 𝜓(2) Tip branch functions at the first and at the second crack tip
Ω Analysis domain

propagation; they found that the hydraulic response is very sensitive to parameters such as the in situ stress and the angle
between the fractures.
The above-mentioned works have not fully considered the coupling effect and element interaction between two types

of media, including the stress transfer between the fluid and matrix and the change of aperture (and transmissivity) with
the decreasing fluid pressure (leading to an indirect HM-coupled process). Also, few proposed HM-coupled models to
deal with multiple fractures. In this paper, with reference to multiple artificial fractures, a novel XFEM solution for the
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4 WANG et al.

simulation of HM-coupled hydro-frac-induced fracture propagation is presented and verified by comparing the results
with existing analytical solutions. The equations of equilibrium and fluid continuity are separately developed and then
discretized. A new method is then applied for the fluid-solid coupling to follow fracture aperture and propagation. As
far as the coupling processes are concerned, two distinct algorithms are proposed, the first for the transfer of the fluid
pressures inside a fracture to the surroundingmedium, and the second for the evolution of fracture apertures. The solution
is extended to multiple fractures and applied to study the relative interaction.
It is to remark that the proposed solution is elastic and plane strain and as such the applicability is limited to specific,

albeit quite frequent, situations. As previously mentioned, hydraulic fractures usually propagate along the direction per-
pendicular to the minimum in situ stress (which is usually horizontal) , and therefore vertically from the borehole. When
the fracture height (measured along the vertical) is sizable and remains more or less constant, and the fluid pressure and
aperture/aperture slightly change along it, plane strain conditions can be considered (analysing the horizontal section).
In unconventional reservoirs, the rockmass is usually compacted and tight with very low permeability, for which visco-

plastic strains are negligible and a linearly elasticmedium can be assumed. In addition, rock formations of unconventional
reservoirs (such as shales), may be transversely isotropic, with the plane of isotropy coinciding with the bedding; if the
crack develops normally to the plane of isotropy, only the toughness (or tensile strength) along that plane is of importance
and the material can be considered isotropic in the simulation and the proposed solution is applicable. For any other
situation, other solutions must be adopted; even though the proposed solution may be still used in a preliminary stage.
Note that the algorithms of the solution are for the simulation of fracture propagation, therefore, fracture initiation is
not considered.
Throughout the text, especially when dealing with Fracture Mechanics (FM) concepts, the term crack is sometimes

used as synonym of fracture.
In Table 1, a glossary of terms is reported.

2 GOVERNING EQUATIONS

It is assumed herein that the whole hydro-frac process occurs in an isotropic linear elastic (ILE) impervious medium
under plane strain conditions. A fracturing fluid at high pressure is injected at a constant volumetric rate into a borehole
to promote the initiation and propagation of artificial fractures. The evolution of the propagation is regarded as a quasi-
static process.

2.1 Equilibrium equation

With reference to Figure 1, for a two-dimensional domainΩ, externally bounded by Γwith normal 𝐧, without body forces,
the equilibrium equation is

∇⋅𝝈 = 0 (1)

where 𝝈 is the stress tensor. A fluid is injected into a fracture. The following boundary conditions apply:

𝝈⋅𝐧 = 𝐭 (on Γ𝐭) (2)

𝐮 = 𝐮 (on Γ𝐮) (3)

𝝈⋅𝐧f = −𝑝𝐧f+ (on Γf+) (4)

𝝈⋅𝐧f = −𝑝𝐧f− (on Γf−) (5)

where 𝐭 is the vector of the boundary tractions, prescribed on Γ𝐭 , 𝐮 is the vector of the displacements, 𝐮 is the vector of the
prescribed displacements on Γ𝐮, 𝐧f+, 𝐧f− are the normal vectors of the fracture positive (Γf+) and negative (Γf−) faces,
respectively, and 𝑝 is the hydro-fracinduced fluid pressure in the fracture. It is also Γ = Γ𝐭

⋃
Γ𝐮.
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WANG et al. 5

F IGURE 1 A two-dimensional domain dense of an ILE medium and a fracture. ILE, isotropic linear elastic.

A weak formulation of Equation (1) is as follows33:

∫
Ω

𝝈∶𝜺(𝐮)dΩ = ∫
Γt

𝐭 ⋅𝐮dΓ − ∫
Γf+

𝑝𝐧f+⋅𝐮f+dΓ − ∫
Γf−

𝑝𝐧f−⋅𝐮f−dΓ (6)

where 𝝐 is the strain tensor, 𝐮f+, 𝐮f− are the displacements of the points of the fracture positive and negative
faces, respectively.

2.2 Fracture fluid continuity equation

The fluid injected in a hydro-frac process in a fracture is assumed incompressible and of constant viscosity. According to
the cubic law,34,35 by neglecting the gravity, the fluid discharge per unit fracture width 𝑞𝜉 is

𝑞𝜉 = −
𝑒3

12𝜇

𝜕𝑝

𝜕𝜉
(7)

where 𝜉 is, in two dimensions, the local coordinate of the fracture, 𝜇 is the fluid dynamic viscosity and 𝑒 is the
fracture aperture.
By applying the fluid continuity equation,36 one has

𝜕𝑒(𝜉, 𝑡, 𝑙)

𝜕𝑡
+

𝜕𝑞𝜉(𝜉, 𝑡, 𝑙)

𝜕𝜉
= 𝑄0𝛿(𝜉0) (8)

where 𝑡 is time, 𝑄0 is the volumetric fluid source at the injection point in 𝜉0 and 𝛿(𝜉0) is the Dirac delta function.
By substituting Equation (7) into Equation (8), the lubrication equation is obtained37,38:

𝜕𝑒

𝜕𝑡
+

1

12𝜇

𝜕

𝜕𝜉

(
𝑒3
𝜕𝑝

𝜕𝜉

)
= 𝑄0𝛿(𝜉0) (9)

This equation is valid provided that the fluid flow remains laminar as the fracture propagates. Equation (9) is one-
dimensional as the component of the fluid flow in the direction normal to the axis is neglected, as the aperture is small
compared to the fracture length.
Equations (6) and (9) are the basis equations of the proposed XFEM solution. In the next section, the discretization of

the two equations in the context of XFEM is described.

3 DISCRETIZATION OF THE EQUATIONS

As previously stated, by resorting to XFEM, fracture propagation is modelled by avoiding re-meshing. The discontinuous
displacements of the fracture walls can be efficiently represented by adding enrichment functions to the standard finite

 10969853, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nag.3527 by C

orrado Fidelibus - C
ochraneItalia , W

iley O
nline L

ibrary on [05/04/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



6 WANG et al.

F IGURE 2 Fracture element Ef and ILE element Ee.

F IGURE 3 Schematic of pressure transfer from fluid-flow
nodes to ILE-medium nodes. ILE, isotropic linear elastic.

element approximation. So, concerning a single fracture, the approximated solution for the displacement 𝐮 is39,40:

𝐮=

𝑁s∑
𝑖=1

𝑁𝑖𝐮𝑖+

𝑁cut∑
𝑗=1

𝑁𝑗𝐻[𝜙(𝑥, 𝑦)]𝐚𝑗+

𝑁tip1∑
𝑘=1

𝑁𝑘

[
4∑

𝑙1=1

𝜓
(1)
𝑙1
(𝑥, 𝑦)𝐛𝑘(𝑙1)

]
+

𝑁tip2∑
𝑘=1

𝑁𝑘

[
4∑

𝑙2=1

𝜓
(2)
𝑙2
(𝑥, 𝑦)𝐛𝑘(𝑙2)

]
(10)

where 𝑁s is the number of standard nodes, 𝑁𝑖 are the standard shape functions, 𝐮𝑖 is the vector of nodal displacements,
𝑁cut is the number of enriched nodes of the elements crossed by the fracture,𝐻[𝜙(𝑥, 𝑦)] is the jump function41:

𝐻[𝜙(𝑥, 𝑦)] =

{
+1 𝜙(𝑥, 𝑦) > 0

−1 𝜙(𝑥, 𝑦) < 0
(11)

with 𝜙(𝑥, 𝑦) the signed distance function, 𝑁tip1, 𝑁tip2 are the numbers of enriched nodes of the first crack tip and the
second crack tip, respectively, 𝜓(1)

𝑙
and 𝜓(2)

𝑙
are the tip branch functions at the first and the second crack tips, respectively,

that can be written using polar coordinates 𝑟, 𝜃 with origin at the respective crack tips as follows42,43:

{𝜓𝑙(𝑟, 𝜃)}
4
𝑙=1 =

[√
𝑟 sin

𝜃

2
,
√
𝑟 sin

𝜃

2
sin 𝜃,

√
𝑟 cos

𝜃

2
,
√
𝑟 cos

𝜃

2
sin 𝜃

]
(12)
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WANG et al. 7

F IGURE 4 Displacements around a fracture for the aperture change.

F IGURE 5 Schematic of a single hydraulic fracture in an elastic domain.

and, finally, 𝐚 and 𝐛 are the additional degrees of freedom (dofs) for the enriched nodes. By using the tip branch functions
𝜓, the convergence of the numerical solution is faster. By substituting Equation (10) into Equation (6), the following
compact form of the discretized governing equation for stress/strain is obtained:

𝐊𝐮 = 𝐏 (13)

where 𝐊 is the global stiffness matrix, 𝐮 is the nodal displacement vector and 𝐏 is the force vector, condensing the
contributions of the external tractions and the tractions at the fracture faces. Matrix𝐊 is as follows:

𝐊 = ∫
Ω

𝐁T𝐃𝐁dΩ (14)

in which 𝐃 is the matrix of the elasticity coefficients, and 𝐁 is the strain differential operator matrix, containing the
derivatives of the shape and enrichment functions.
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8 WANG et al.

For node 𝑖, the strain differential operator matrix for the Heaviside enrichment is

𝐁𝐚
𝑖
=

⎡⎢⎢⎢⎣
[𝑁𝑖(𝐻 − 𝐻𝑖)],𝑥 0

0 [𝑁𝑖(𝐻 − 𝐻𝑖)],𝑦

[𝑁𝑖(𝐻 − 𝐻𝑖)],𝑦 [𝑁𝑖(𝐻 − 𝐻𝑖)],𝑥

⎤⎥⎥⎥⎦ (15)

in which𝐻𝑖 is the enrichment value at 𝑖; since𝐻 depends only on the sign of 𝜙(𝑥, 𝑦), 𝐁𝐚
𝑖
can be transformed as follows:

𝐁𝐚
𝑖
=

⎡⎢⎢⎢⎣
𝑁𝑖,𝑥(𝐻 − 𝐻𝑖) 0

0 𝑁𝑖,𝑦(𝐻 − 𝐻𝑖)

𝑁𝑖,𝑦(𝐻 − 𝐻𝑖) 𝑁𝑖,𝑥(𝐻 − 𝐻𝑖)

⎤⎥⎥⎥⎦ (16)

For the crack tip enrichment, 𝐁𝐛
𝑖
can be expressed instead as

𝐁𝐛
𝑖
=

⎡⎢⎢⎢⎣
[𝑁𝑖(𝜓𝑙 − 𝜓𝑙𝑖)],𝑥 0

0 [𝑁𝑖(𝜓𝑙 − 𝜓𝑙𝑖)],𝑦

[𝑁𝑖(𝜓𝑙 − 𝜓𝑙𝑖)],𝑦 [𝑁𝑖(𝜓𝑙 − 𝜓𝑙𝑖)],𝑥

⎤⎥⎥⎥⎦
𝑙=1,2,3,4

(17)

where 𝜓𝑙𝑖 is the tip branch function (crack tip 1 or 2) at node 1; Equation (17) can be expanded as follows:

𝐁𝐛
𝑖
=

⎡⎢⎢⎢⎣
𝑁𝑖,𝑥(𝜓 − 𝜓𝑙𝑖) + 𝑁𝑖(𝜓 − 𝜓𝑙𝑖),𝑥 0

0 𝑁𝑖,𝑦(𝜓 − 𝜓𝑙𝑖) + 𝑁𝑖(𝜓 − 𝜓𝑙𝑖),𝑦

𝑁𝑖,𝑦(𝜓 − 𝜓𝑙𝑖) + 𝑁𝑖(𝜓 − 𝜓𝑙𝑖),𝑦 𝑁𝑖,𝑥(𝜓 − 𝜓𝑙𝑖) + 𝑁𝑖(𝜓 − 𝜓𝑙𝑖),𝑥

⎤⎥⎥⎥⎦
𝑙=1,2,3,4

(18)

The right-hand side vector is comprised of the nodal forces due to the external tractions and fluid pressures on the fracture
faces and consists of a contribution 𝐏st of the standard nodes and a contribution 𝐏en of the enriched nodes:

𝐏 =

{
𝐏st

𝐏en

}
(19)

3.1 Fluid continuity equation

The fracture apertures increase as long as the fracture propagates and the frac-fluid is injected into the borehole. For the
one-dimensional fluid continuity equation, that is, Equation (9), the fracture can be subdivided into one-dimensional
linear elements (Ef in Figure 2). In order to lower the complexity of the calculations, such elements have the same length
of the edges of the finite elements used to discretise the domain (equal-size square elements Ee in Figure 2). However, the
fracture nodes of Equation (9) (fluid-flow nodes) do not necessarily coincide with the nodes of the domain (ILE-medium
nodes). The fluid pressures are transformed into nodal forces applied on the ILE-medium nodes and the local fracture
apertures are calculated according to the nodal displacements of the two corresponding points of the fracture.
A backward difference can be used for the fracture aperture 𝑒:

𝜕𝑒

𝜕𝑡
=

𝑒𝑛 − 𝑒𝑛−1

Δ𝑡
(20)

where Δ𝑡 is the time increment for the 𝑛th time step. By using Equation (20), Equation (9) for node 𝑘 of a fracture can be
written as

𝑒𝑛
𝑘
− 𝑒𝑛−1

𝑘

Δ𝑡
= −

1

12𝜇

𝜕

𝜕𝜉

[
(𝑒𝑛

𝑘
)3
𝜕𝑝𝑛

𝑘

𝜕𝜉

]
+ 𝑄0𝛿(𝜉0) (21)
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WANG et al. 9

(A) (B)

F IGURE 6 Example 1; comparison between the KGD analytical solution and the proposed solution; (A) maximum aperture 𝑒 versus
time 𝑡; (B) fracture half-length 𝑎 versus time 𝑡. KGD, Khristianovic–Geertsma–de Klerk.

F IGURE 7 Example 1: contour plot of the von Mises stress 𝜎vm [Pa].

F IGURE 8 Example 1; comparison between the KGD analytical solution and the proposed solution for the evolution of the fracture
half-length with time 𝑡 for (A) 200 × 200-m2 domain, and (B) 300 × 300-m2 domain. KGD, Khristianovic–Geertsma–de Klerk.
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10 WANG et al.

(A) (B)

F IGURE 9 Example 1; sensitivity analysis of the solution to the element size for the discretizations 100 × 100, 150 × 150, 200 × 200; (A)
maximum aperture 𝑒 versus time 𝑡; (B) half-length 𝑎 versus time 𝑡.

4 COUPLING OF THE EQUATIONS

The injection of the frac-fluid leads to both the fracture propagation and the increase of the fracture aperture. The
stress/strain regime in the rock is influenced by the pressure distribution in a propagating fracture. As previously men-
tioned, the interaction between body and fracture is a HM-coupled process, whose governing equations are Equations (6)
and (9). By considering the corresponding discretized versions, the HM-coupled process can be, therefore, simulated by
solving the following system of equations:

⎧⎪⎨⎪⎩
𝐊𝐮 = 𝐏

𝜕𝑒

𝜕𝑡
+

1

12𝜇

𝜕

𝜕𝜉

(
𝑒3

𝜕𝑝

𝜕𝜉

)
= 𝑄0𝛿(𝜉0)

(22)

where the nodal displacements 𝐮, and fluid pressures 𝑝 are the unknowns. The terms of the vector 𝐏 (due to the boundary
conditions at the fracture faces) of the first equation depend on the values of𝑝 from the second equation. In turn, the nodal
aperture depends on 𝐮. As the nodes of the discretizations of the two equations do not coincide, twomethods are proposed
herein, the first for the transfer of fluid pressure to the ILE medium, the second for adjusting the fracture aperture with
the displacements; using both methods together, errors are minimised.

4.1 Transfer of the fluid pressures to the ILE medium

The first step of the HM-coupled process is to set an initial value for the fluid pressure, acting on the two faces of the
fracture. In general, the fluid pressures along the fracture are transformed into nodal forces on the mesh elements. Given
that, as previouslymentioned, fluid-flownodes and ILE-mediumnodes do not necessarily coincide; for the transfer of such
pressure values, an expedient is required. If the mesh is fine, the distance between a fluid-flow node and a corresponding
ILE-medium node (in the direction normal to the fracture) is presumably small, therefore, the pressure value can be
directly ascribed to the ILE-medium node. In this respect, finding the correspondence between nodes is an important step
to gain a good accuracy of the solution. The proposed method is based on the principle of proximity and is illustrated by
resorting to an example.
With reference to Figure 3, an ILE-medium node is used as a landmark (node E); the nearest fluid-flow node is then

regarded as a pairing node transferring pressure (in terms of nodal force) to this landmark node. The distances 𝑑𝑖 from E
to the surrounding fluid-flow nodes A1, A2, A3, A4 are

𝑑𝑖 =

{√
(𝑥𝑖 − 𝑥𝖤)

2
+ (𝑦𝑖 − 𝑦𝖤)

2
}

𝑖=𝖠1,𝖠2,𝖠3,𝖠4

(23)
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WANG et al. 11

Node 𝖠3 is the nearest node to E (𝑑𝖠3
is the minimum value among 𝑑𝑖), hence A3 and E are the pairing nodes, so the

pressure of A3 will be assigned to node E.
The nodal force 𝑃𝑖 corresponding to the fluid pressure 𝑝𝑖 (normal to the fracture face) is then decomposed into 𝑥 and 𝑦

components, contributing to the right-hand side vector of Equation (13):{
𝑃𝑥𝑖 = 𝑃𝑖 sin 𝜃

𝑃𝑦𝑖 = 𝑃𝑖 cos 𝜃
(24)

where 𝜃 is the angle between the fracture segment and 𝑥. It is worth noting that the fluid pressure is applied to both
standard nodes and enriched nodes.

4.2 Evolution of the fracture aperture

By transferring the fluid pressures to the elastic body, Equation (13) can be solved and the nodal displacements can be
obtained, thus the new value of the fracture aperture can be derived by summing the offsets of the two fracture faces in
Equation (21); the aperture 𝑒𝑛

𝑘
at time step 𝑛 can be approximately represented by the sum of displacements of the two

corresponding ILE-medium nodes on the two fracture faces when the domain is finely meshed. The four ILE-medium
nodes of a fracture-sectioned element are usually divided into two sets, one for each portion of the element. From each
set, the nearest node to the fluid-flow node is selected, whose displacement is considered as the one-wing displacement
of the same fluid-flow node.
In what follows, the process for calculating the aperture change is illustrated through the example of Figure 4, where a

fluid-flow node F is located in mesh element𝑚 and two sets of nodes are defined pertaining to the two portions in which
𝑚 is sectioned by the fracture (positive and negative by considering the normal 𝐧f+, in this case, the positive set is above,
the negative below the fracture). Nodes A and B pertain to the set above, and nodes C andD to the set below. The distances
𝑑𝑖 from the four ILE-medium nodes to the fluid-flow node are

𝑑𝑖 =

{√
(𝑥𝑖 − 𝑥𝖥)

2
+ (𝑦𝑖 − 𝑦𝖥)

2
}

𝑖=𝖠,𝖡,𝖢,𝖣

(25)

In Figure 4, by comparing the values of 𝑑𝑖 , it can be concluded that node B has the minimum distance to node F for the
set above the fracture and node D has the minimum distance to node F for the set below the fracture.
Thus, nodes B and D are used on the two wings to calculate the aperture change. The sum of the displacements in two

opposite directions is considered as the overall aperture of node F. With reference to Figure 4, 𝑢𝑥 and 𝑢𝑦 are the node-B
displacement components along the 𝑥-axis and 𝑦-axis, respectively; the component 𝑢𝑥 can be further decomposed into
components 𝑢𝑥1 , 𝑢𝑥2 , parallel and normal to the fracture segment, respectively, as follows:{

𝑢𝑥1 = 𝑢𝑥 cos 𝜃

𝑢𝑥2 = 𝑢𝑥 sin 𝜃
(26)

Similarly, 𝑢𝑦 can be decomposed into 𝑢𝑦1 , 𝑢𝑦2 , parallel and normal to the fracture segment, respectively:{
𝑢𝑦1 = 𝑢𝑦 sin 𝜃

𝑢𝑦2 = 𝑢𝑦 cos 𝜃
(27)

Finally, the one-wing aperture change of node B is

Δ𝑒+ = 𝑢𝑥2 + 𝑢𝑦2 (28)

The aperture change Δ𝑒− of node D can be similarly obtained (quantities with prime in Figure 4 refer to node 𝖣). The
total aperture change Δ𝑒 at node F can be expressed as

Δ𝑒 = Δ𝑒+ + Δ𝑒− (29)
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12 WANG et al.

F IGURE 10 Schematic of Example 2 first scheme with two parallel hydraulic fractures.

F IGURE 11 Example 2 first scheme (two parallel fractures): contour plots of the von Mises stress 𝜎vm [Pa] and propagation trajectories
(up to 10 m) for spacing 𝑠 40 m (A), 20 m (B) and 10 m (C).

Equation (29) is an approximate solution for the fracture aperture, whose errors can be reduced by optimising the mesh
size to shrink the gap between the fluid-flow and the ILE-medium nodes. A study of the sensitivity of the results to the
mesh size is reported in the next section.

5 THE NUMERICAL SOLUTION

As previously described, the HM-coupled response in a hydro-frac process can be numerically simulated by resorting to
Equation (22). For the solution of such a system, an iterative procedure within each time step is required; it is explained
in what follows.

5.1 Iterative process

The aperture in Equation (29) can be substituted into Equation (21) to obtain the updated fluid pressure value, which, in
turn, can be substituted back into Equation (13) to obtain the nodal displacements. This leads to an iterative procedure.
The Picard method is employed to facilitate the convergence of the coupling equations.
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WANG et al. 13

F IGURE 1 2 Example 2 first scheme (two parallel fractures): contour plots of the von Mises stress 𝜎vm [Pa] and extended propagation
trajectories (up to 30 m) for spacing 𝑠 40 m (A), 20 m (B) and 10 m (C).

The length of fracture propagation at each time step is set, so the time step can be determined according to propagation
length and aperture. As the fracture continuously propagates and widens, the time increment at each time step 𝑛 can be
calculated as

Δ𝑡 =
1

𝑄0

[
𝑁f∑
𝑖

𝑒𝑛
𝑖
−

𝑁f∑
𝑖

𝑒𝑛−1
𝑖

]
(30)

where 𝑒𝑖 are the nodal aperture values and𝑁f is the number of the nodes of the fracture.With reference to a single fracture,
the procedure is as follows:

1. an initial fluid pressure 𝑝0
𝑖
is applied to all the fracture nodes in Equation (13) to calculate the displacements; then,

through Equations (25)–(29), new aperture values 𝑒1
𝑖
are obtained;

2. the 𝑒1
𝑖
values are then substituted into Equation (21) to obtain new fluid pressure values 𝑝1

𝑖
, to be inserted in

Equation (13);
3. steps 1 and 2 are repeated until the following convergence criterion is met:

∑𝑁f

𝑖
|||𝑝𝑛+1

𝑖
− 𝑝𝑛

𝑖
|||∑𝑁f

𝑖
|||𝑝𝑛

𝑖
||| ≤ 𝖳𝖮𝖫 (31)

where 𝖳𝖮𝖫 is a tolerance;
4. if the convergence criterion (31) is not met, the pressure values are adjusted as follows:

𝑝
𝑛+1,𝑗

𝑖
= 𝑝𝑛

𝑖
+ 𝛼𝑝

𝑛+1,𝑗−1

𝑖
(32)

where 𝑗 is the iteration number and 𝛼 is between 0 and 0.5.

5.2 Propagation criterion

The fluid pressure near the crack tip usually decreases sharply to zero, so the fluid lag region near the crack tip is regarded
as a small area. This region has little effect on the propagation, therefore, it is assumed that the fluid front coincides with
the crack front. In the context of FM, for the crack propagation, the maximum circumferential stress criterion44 is used
to determine the potential propagation direction. Withthe criterion, the propagation occurs if the current stress intensity

 10969853, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nag.3527 by C

orrado Fidelibus - C
ochraneItalia , W

iley O
nline L

ibrary on [05/04/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



14 WANG et al.

factor (SIF) equates to the corresponding critical value 𝐾c. The effective SIF is derived as follows45:

d𝐾 =
(
𝐾4
1 + 8𝐾4

2

)1∕4
(33)

where 𝐾1 and 𝐾2 are the SIF values near the crack tip for Mode-I and Mode-II, respectively. If the effective SIF is larger
than the critical SIF, the crack will propagate along the maximum circumferential stress direction. In addition, the crack
kink angle is46

𝜃 = 2 arctan
⎡⎢⎢⎣14

⎛⎜⎜⎝
𝐾1

𝐾2
±

√(
𝐾1

𝐾2

)2

+ 8
⎞⎟⎟⎠
⎤⎥⎥⎦ (34)

To calculate the SIF values, several methods are available in the literature.47–53 In this paper, the interaction integral
method is adopted; it is based on the 𝐽 integral by resorting to an auxiliary stress field.
In what follows, the results of some examples are illustrated to show the validity of the proposed numerical method,

implemented in a Matlab code. The results are used to examine the sensitivity of the propagation and interaction of
multiple hydraulic fractures to the parameters of the problem.

6 NUMERICAL EXAMPLES

6.1 Example 1: Single hydraulic fracture

With reference to Figure 5, a single hydraulic fracture subjected to fluid pressure produced by hydro-frac opera-
tions is considered. The properties of the elastic medium include Young’s modulus 𝐸 39.5 GPa and Poisson’s ratio
𝜈 0.3. The fluid pressure inside the fracture is regarded as net pressure, so the in situ stress can be ignored. The
fluid has a viscosity 𝜇 equal to 10 mPa⋅s and the injection rate 𝑄0 is 0.00028 m3/s. An injection time of 150 s
is assumed.
The simulation domain 𝑤 × ℎ is 100 × 100 m2. A horizontal fracture (initial half-length 𝑎=3.5 m) is located in the

middle of the domain originating from the left vertical boundary (that is also a symmetry plane). Equal-size four-node
quadrilateral elements are employed for the mesh. The displacements along the normal to the boundaries are zero. The
injection pressure is applied in the fracture at the left vertical boundary.
The results furnished by the numerical code are compared with the corresponding analytical solution in terms of frac-

ture aperture 𝑒 (the maximum value) and half-length 𝑎 as a function of time (Figure 6A,B). In addition, the contour
plot of the von Mises stress 𝜎vm is shown in Figure 7. For the first half of the injection time, the results of the code
are in good agreement with the analytical solution, whereas, for the second half, a difference between the two solu-
tions emerges. It should be noted that the KGD solution is for an infinite domain; therefore, the proposed numerical
solution differs due to the effect of the boundary conditions. Such an effect is more pronounced and the discrepancy
expands as the fracture tip approaches the boundaries, or, with reference to the example, with the increase of the
ratio 𝑎∕𝑤. To prove this claim, the simulation is extended to 200 × 200 m2 and 300 × 300 m2 domains, maintain-
ing the element size and the initial fracture length 𝑎. The results in terms of 𝑎, plotted against time, are reported in
Figure 8A,B, respectively. Again, like for the simulation with the 100 × 100m2 domain, the numerical solution is in
good agreement with the corresponding analytical solution at the initial stages (note that the injection time is longer
than for the 100 × 100m2 domain), whereas, at later times, the numerical solution diverges as the fracture propagates.
It is, therefore, apparent that, for the boundary conditions imposed at the edges (fixed boundaries), such a discrepancy
always substantiates.
Finally, to study the sensitivity of the solution to the element size, three meshes are investigated (100 × 100,

150 × 150, and 200 × 200 elements) and the results in terms of maximum aperture and half-length are com-
pared (Figure 9A,B). One can notice that by reducing element size (refining the mesh), no significant improvement
is gained.
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WANG et al. 15

F IGURE 13 Example 2 first scheme (two parallel fractures): distributions of von Mises stress 𝜎vm along the middle (red) lines of
Figure 12 for spacing 𝑠 10, 20 and 40 m.

6.2 Example 2: Multiple fractures

In what follows, the results of the application of the numerical solution to schemes with multiple initial fractures are
described. The equation system (22) is purposely modified as follows:

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎣

𝐊st
∑

𝜈f
𝐊st,en∑

𝜈f
𝐊en,st

∑
𝜈f
𝐊en

⎤⎥⎥⎦
⎡⎢⎢⎣

𝐮st∑
𝜈f
𝐮en

⎤⎥⎥⎦ =
⎡⎢⎢⎢⎣

𝐏st∑
𝜈f
𝐏en

⎤⎥⎥⎥⎦
𝜕𝑒

𝜕𝑡
+

1

12𝜇

𝜕

𝜕𝜉

(
𝑒3

𝜕𝑃

𝜕𝜉

)
= 𝑄0𝛿(𝜉0), ∀f rac.

(35)

where 𝜈f is the number of fractures, 𝐊st is the standard stiffness matrix, 𝐊en is the enriched stiffness matrix and 𝐊st,en,
𝐊en,st the cross matrices.
Mesh and material properties of Example 1 are also adopted here. The fractures are assumed horizontal and have an

initial half-length (𝑎 =3.5m). A sensitivity analysis of the fracture growth trajectories to the fracture spacing is performed
in what follows.
In a first scheme, with reference to Figure 10, two fractures are symmetrically set with respect to the middle horizontal

line. For the sensitivity analysis, three spacing values 𝑠 are considered: 40, 20, and 10m. The contour plots of the vonMises
stress 𝜎vm are shown in Figure 11 for a propagation length of 10 m. For 𝑠 equal to 40 m, the propagation trajectories are
subjected to a slight deflection (Figure 11A), whereas, for the other two cases, the deflection is more pronounced and the
trajectories diverge as a consequence of the interaction among the fractures, resulting in a repelling effect (Figure 11B,C).
Similar considerations can be drawn for the extended propagation (up to a total length of 30 m for both fractures). In
Figure 12A–C, it is shown that for the largest spacing, the two fractures propagate nearly in parallel (nomutual interaction),
while for the other cases, due to the repelling effect, the propagation trajectories consistently diverge.
Another effect of the interaction amongpropagating fractures is the shadoweffect, reflected in the stress variations along

the propagation paths, as shown in Figure 13, where the change of von Mises stress 𝜎vm is plotted against the horizontal
distance from the injection along the line in the middle of the two fractures (the red lines in Figure 12) for the three cases
of first scheme. It can be seen that 𝜎vm for 𝑠 10 m has a sharp decrease corresponding to the diverging of the fractures,
whereas, for 𝑠 40 m, 𝜎vm is uniform up to 20 m from the injection. A moderate stress interference is experienced for 𝑠
20 m.
In a second scheme, the number of hydraulic fractures is increased to three by adding a horizontal fracture aligned

along the middle horizontal line (see Figure 14) with three different mutual spacing 𝑠 20, 10 and 5 m. The results of the
simulation in terms of contour plots of 𝜎vm are shown in Figure 15 for a propagation length of 10 m, and in Figure 16 for a
propagation length of 30 m. With the introduction of the middle fracture, by the decreasing of the spacing, the repelling
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16 WANG et al.

F IGURE 14 Schematic of Example 2 second scheme with three parallel hydraulic fractures.

F IGURE 15 Example 2 second scheme (three parallel fractures): contour plots of the von Mises stress 𝜎vm [Pa] and propagation
trajectories (up to 10 m) for spacing 𝑠 20 m (A), 10 m (B), and 5 m (C).

F IGURE 16 Example 2 second scheme (three parallel fractures): contour plots of the von Mises stress 𝜎vm [Pa] and extended
propagation trajectories (up to 30 m) for spacing 𝑠 20 m (A), 10 m (B) and 5 m (C).
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WANG et al. 17

F IGURE 17 Example 2 second scheme (three parallel fractures): distributions of von Mises stress 𝜎vm along the middle (red) lines of
Figure 16 for spacing 𝑠 5, 10 and 20 m.

(A) (B)

F IGURE 18 Maximum aperture and half-length versus time for viscosity 𝜇 2.39 Pa⋅s.

effect among fractures is enhanced, leading to even larger deflections. Note that the stress concentrations around the crack
tips connect to form an intensified stress band, thus explaining the strong repelling effect.
To show the shadoweffect for this scheme, the𝜎vm values along themiddle lines between the fractures (the red segments

in Figure 16A–C) are plotted against the distance from the injection point. As shown in Figure 17, for all the cases, the
distributions are characterised by a decreasing trend in the initial stage, followed by an increasing trend in the middle
stage (presumably caused by the deflection of the side-crack trajectory, leading to stress concentration), and, finally, by a
sharp decrease in the last stage, once the side cracks substantially divert from the middle crack.

6.3 Application example

To verify the effectiveness, the proposed solution is applied to a real case, previously documented in the literature.25 The
fluid injection rate is 0.11 m3. The rock has Young’s modulus 𝐸 600MPa and Poisson’s ratio 𝜈 0.3. The fracture fluid is seen
as a Newtonian fluid with a viscosity 𝜇 2.39 Pa⋅s. The injection time lasts 9 min. Substituting those parameters into the
code, the results of maximum aperture 𝑒 and half-length 𝑎 are plotted against time in Figure 18A,B. Note that the values
of 𝑒 and 𝑎 are slightly larger than in the original document because herein the fluid viscosity is assumed constant with
the pressure.
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F IGURE 19 Maximum aperture versus half-length for different viscosity values (𝜇 1, 2.39, 4 Pa⋅s).

The objective of the simulation is also to check the sensitivity of fracture propagation and opening to the fluid viscosity
𝜇. Therefore, three values of 𝜇 are considered (1, 2.39, 4 Pa⋅s) for comparison. The results are reported in Figure 19. As
expected, higher viscosity values lead to extended propagation and opening. Such tendencies are well captured by the
proposed numerical solution.

7 CONCLUSION

In this paper, an HM-coupled solution is proposed for the prediction of the hydro-frac process in 2D schemes, combin-
ing the fluid continuity equation for the propagating fractures and the equilibrium equation for the rock. The relative
numerical discretization has been performed by resorting to XFEM. The temporal derivatives are handled by using a
finite differences scheme. For the quality of the results, the transfer of variables between the equations is crucial. Herein,
the nodes pertaining to the two discretizations are practically forced to coincide.
With reference to a fluid injection in a single fracture, the proposed solution is validated by comparing it with an ana-

lytical solution inan infinite domain. Apart from the slight difference at later stages of the simulation, presumably due to
the effect of the finite domain and boundary conditions, the two solutions match quite well.
The interaction ofmultiple hydraulic fractures is also studied. A sensitivity analysis of the propagation geometry to frac-

ture spacing is proposed. It can be stated that the spacing between the fractures has a significant effect on the propagation
direction. The shadow effect between multiple cracks is also illustrated by means of the stress curves along the fracture
propagation paths, to show the influence of the shadow effect as fracture propagates.
Finally, the solution of an application example is provided; the sensitivity of the viscosity values in terms of maximum

aperture and half-length of the considered fracture is also shown.
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